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THE DISTRIBUTIVITY NUMBERS OF P(w)/FIN
AND ITS SQUARE

SAHARON SHELAH AND OTMAR SPINAS

ABSTRACT. We show that in a model obtained by forcing with a countable
support iteration of Mathias forcing of length wsz, the distributivity number
of P(w)/fin is we, whereas the distributivity number of r.o.(P(w)/fin)? is wy.
This answers a problem of Balcar, Pelant and Simon, and others.

INTRODUCTION

A complete Boolean algebra (B, <) is called k-distributive, where & is a cardinal,
if and only if for every family (uq; : ¢ € Iy, o < k) of members of B

MY w= 3 Tww

a<lk 1€l feHu<KIa a<k

holds. It is well-known (see [, p.152]) that every partially ordered set (P, <) which
is separative can be densely embedded in a unique complete Boolean algebra, which
is usually denoted with r.o.(P). The distributivity number of (P, <) is defined as
the least k such that r.o.(P) is not x-distributive. It is well-known (see [J, p.158])
that the following four statements are equivalent:

(1) r.o.(P) is k-distributive.

(2) The intersection of £ open dense sets in P is dense.

(3) Every family of x maximal antichains of P has a refinement.

(4) Forcing with P does not add a new subset of .

The distributivity number of the Boolean algebra P(w)/fin is denoted with b.
This cardinal was introduced in [BPS], where it has been shown that wy; < h < 2¢
and the axioms of ZFC do not decide where exactly b sits in this interval.

For A a cardinal let h()\) be the distributivity number of (P(w)/fin)*, where by
(P(w)/fin)* we mean the full A-product of P(w)/fin in the forcing sense. That is, p €
(P(w)/fin)* if and only if p : A — P(w)/fin \{0}. The ordering is coordinatewise.

Trivially, h(A) > H(y) holds whenever A < «. In fact, if (D, : @ < h(N)) is a
family of dense open subsets of (P(w)/fin)* whose intersection is not dense, then,
letting D!, = {p € (P(w)/fin)Y : p[A € D4}, clearly the D/ are dense open in
(P(w)/fin)” and their intersection is not dense.

Since h < 2, this implies that under CH the sequence (h(\) : A € Card) is
constant with value X;. In [BPS| 4.14(2)] we read: “We do not know of any further
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properties of this sequence.” The most elementary question which arises, and which
was explicitly asked by several people, is whether consistently this sequence is not
constant. In this paper we give a positive answer by proving the consistency of
h(2) < b with ZFC. In a sequel paper (see [ShSp]), for every n < w we will construct
a model for h(n + 1) < h(n). In all these models the continuum will be Ry, and
hence the above sequence will be two-valued. The question of whether more values
are possible is tied up with the well-known problem of how to make the continuum
bigger than Ns, not using finite-support forcing iterations.

The natural forcing to increase h is Mathias forcing. We will show that in
a model obtained by forcing with a countable support iteration of length ws of
Mathias forcing over a model for CH, h(2) remains w.

There exists an equivalent game-theoretic definition of h(A), which we will use
in the sequel. For any ordinal @ and any partial ordering P let us consider the
following game G(P,«) of length a: Player I and II alternately choose elements
pé,pél € P, 8 < «, such that for 8 < 3 < a: pé > péf > pé/ > pé{. In the end,
player IT wins if and only if the sequence of moves has no lower bound (this might
happen if at some step 8 < «, player I does not have a legal move).

We claim that h(\) is the minimal cardinal x such that player II has a winning
strategy in the game G((P(w)/fin)*, k). For one direction, suppose we are given
dense open sets (D, : a < k) in (P(w)/fin)* such that D = {D, : @ < K} is not
dense. By the homogeneity of (P(w)/fin)* we may assume that D is empty. In fact,
if D contains no extension of p, choose (fo : @ < A) such that fq : p(a) — w is one-
to-one and onto. Replace D, by Dl = {{falg(a)] : @ < A) : ¢ € Dy and ¢ < p}.
Then the D!/, are open dense and their intersection is empty. Now define a strategy
for II in G((P(w)/fin)*, k) as follows: In his ath move let II play p!! € D, such
that p.! < pl. This is clearly a winning strategy.

Conversely, let o be a winning strategy for Il in G((P(w)/fin)*, k). We shall make
use of (3) above. We define maximal antichains (A, : o < v < k) in (P(w)/fin)*
such that if & < § < ~, then Ag refines A,, and for every pg € Ag, if po € Ay is
the unique member with p, > pg, then (p, : o < ) are responses by o in an initial
segment of a play consistent with o. Suppose (A, : @ < §) has been constructed
and § < k is a limit. If this sequence has no refinement, we are done, otherwise let
BB be one. Now it is easy to construct A as desired, namely consisting of responses
by o to plays of length é + 1 with the last coordinate an extension of a member
of B. If § is a successor, construct Ay similarly, where now B = As_1. It is clear
that this construction stops at some v < k, since otherwise, we could find a play
consistent with ¢ in which IT loses.

1. MATHIAS FORCING AND RAMSEY ULTRAFILTERS

Conditions of Mathias forcing are pairs (u, a) € [w]<* X [w]“ such that max(u) <
min(a). The ordering is defined as follows: (u,a) < (v, b) if and only if v C v C vUb
and a C b. Mathias forcing will be denoted by @ in this paper. Given p € @ we
will write p = (u?, a?).

If D is a filter on w containing no finite sets, then Q(D) denotes Mathias forcing
relativized to D; that is, (u,a) € Q(D) iff (u,a) € Q and a € D, and the order is
as for @. Note that any two conditions in (D) with the same first coordinate are
compatible. Therefore, Q(D) is o-centered; that is, a countable union of centered
subsets. It is well-known that Mathias forcing can be decomposed as Q = Q' * Q"
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such that Q' is P(w)/fin and Q" = Q(G’), where G’ is a name for the generic filter

added by P(w)/fin. In fact, since Q' is o-closed and hence does not add reals,
the map sending (u,a) to (a, (u,a)) is a dense embedding of @Q in Q' * Q”. The

generic filter for Q”, which determines the Mathias real, will be denoted by G”.

Here and in the sequel we do not distinguish between a member of P(w)/fin and
its representatives in P(w). The above notation will be used throughout the
paper.

The Rudin-Keisler order <gk for ultrafilters on w is defined by: D <ggk U iff
there exists a function f : w — w such that D = {X Cw: f~!'[X] € U}. In this
case D is called a projection of U and it is denoted by f.(U). If D <gk U and
U <gk D, we call U and D RK-equivalent. By a result of M. E. Rudin (see [R]
or [J, Ex. 38.2., p.480]), in this case there exists a bijection f : w — w such that
D = f.(U). Then we say that D and U are RK-equivalent by f.

A nonprincipal ultrafilter D on w is called a Ramsey ultrafilter iff for every
n,k < w and every partition F : [w]™ — k there exists H € D homogeneous for F
that is, F'[[H|"™ is constant. An equivalent definition is as follows (see [, p.478]):
D as above is Ramsey iff for every partition of w into pieces not in the filter, there
exists a filter set which meets each piece at most once. Clearly such a filter is a
p-point; that is, for every countable subset of the filter there exists a filter set which
is almost contained in every member of it.

We shall use yet another equivalent definition of Ramsey ultrafilter. Let D be
a nonprincipal ultrafilter. A function f € “w is called unbounded modulo D if
{n: f(n) >k} € D for every k < w; moreover f is called one-to-one modulo D if
its restriction to some member of D is one-to-one. Then D is a Ramsey ultrafilter
iff every function unbounded modulo D is one-to-one modulo D (see [J, Ex. 38.1.,
p.479]).

In the following lemma, a forcing P is called “w-bounding iff every function in
“w in the extension V¥ is bounded by some function in V. Moreover, an ultrafilter
D in V is said to generate an ultrafilter in V' iff the collection of subsets of w
which belong to V' and contain an element of D is an ultrafilter in V',

Lemma 1.1. Suppose D1, Dy are Ramsey ultrafilters which are not RK-equivalent.
Let P be a proper, “w-bounding forcing such that for every filter G C P which is
P-generic over V., D1 and Dy generate ultrafilters in V[G]. Then in V|G|, D1 and
Dy generate Ramsey ultrafilters which are not RK-equivalent.

Proof. First, we show that Dy, Dy are Ramsey ultrafilters in V[G]. Here and in the
sequel, we denote the ultrafilters generated by D;, Dy in V|G| by Dy, D2 as well.
By properness, every X € [V]“ N V[G] is covered by a countable set in V. Hence
D1, Dy generate p-points in V[G]. In V[G], let (a, : n < w) be a partition of w such
that a,, & Dy, for all n < w. As D; is a p-point, there exists X € D; NV such that
| X Nayp| < w, for all n < w. Let f € “w be defined by f(n+ 1) > f(n) is minimal
such that every ay with ax N f(n) # () satisfies ap, N (X \ f(n+1)) = 0. As P is “w-
bounding, we may find a strictly increasing g € “w NV such that for every n < w,
[g(n),g(n+ 1))N range(f) has at least one element. Dy contains exactly one of the
three sets [J{[g(3n +4),9(3n+i+1)) : n < w}, where i € {0,1,2}. We denote this
set by Y. Since D is Ramsey in V| there exists Z € D1 NV such that Z C X NY
and [[g(n),g(n+ 1)) N Z| < 1, for all n < w. We have to verify that |Z Na,| <1,
for every n. Let k,l € ZNa,. Then k,l € X Na,. By construction of f, there



2026 SAHARON SHELAH AND OTMAR SPINAS

is my such that X Na, C [f(n1), f(n1 + 2)). By construction of g and since f is
increasing, there is ny such that f(ny), f(n1+1), f(n1 +2) € [g(n2), g(n2+3)). By
construction of Z, there is ng € {n2,na+1,n2+2} such that &, € [g(n3), g(nz+1)).
Since [[g(ns), g(ns + 1)) N Z| < 1, we have that k = [.

Second, we show that Dy, D2 do not become RK-equivalent in V[G]. Otherwise,
in V[G] we had a bijection f : w — w such that f.(D1) = Ds. Let f; € “w be
defined such that fi(n+ 1) > fi(n) is minimal with

fi(n+1) 2 max[{f(k) - k < fr(n)} U{f (k) - k < fr(n)}].

As P is “w-bounding, we may find a strictly increasing g € “w NV such that for
every n < w, [g(n),g(n + 1)) N range(f1) has at least two elements. Each of D,
and D, contains one of the three sets

C; = U{[g(3n+i),g(3n+i+ 1) :n <w},

where ¢ € {0,1,2}. Suppose C; € D; and C; € D;. By Ramseyness in V,
there exist X € D1NV,Y € DoNV such that X C C;, Y C C; and | X N[g(3n+1),
gBn+i+1)| <1, [YN[gBn+j7),9(3n+j+1))| <1, for all n < w. Let z,, be the
unique element of X N[g(3n+1),g(3n+i+1)) in the case that this set is not empty,
and let y,, be the unique element of Y N [g(3n +4 — 1),9(3n + ¢ + 1)) if this set is
not empty. Note that by construction, f(z,) € [g(3n+1i—1),¢g(3n+i+1)). Hence
{zn, : f(xn) = yn} € D1, since otherwise, f would map a set in D; to a set disjoint
to a member of Dy. Consequently, {y, : f(2,) = yn} € Da. Choose X1 € D1 NV
and Y7 € Do NV such that X1 C {xy, : f(an) = yn} and Y1 C {yn : f(xn) = yn}.
Define

f={(z,y): In(z € [¢gBn+1),9(B3n +i+1))
NX1Ay€fgBn+i—1),gB8n+i+2))NY7)}.

Then f’ € V and f’ is a map with dom(f’) = f~[f[X1]NY1] € Dy and f'(z) = f(z)
for all x € dom(f’). Therefore, f’ witnesses in V that Dy, Dy are RK-equivalent, a
contradiction. [l

In the sequel we shall have the following situation: Given are two models of
ZFC, Vo C Vi, and in V; we have D which is an ultrafilter on ([w]“)"°. That is,
D C ([w]*)" is a filter and for every a € ([w]*)"?, either a € D or w\ a € D.
Then we call D Ramsey if every function in V{ which is unbounded modulo D
is one-to-one modulo D. We will say that some real r € ([w]*)" induces D if
D ={a € (w]*)" :r C* a}.

An easy genericity argument together with the o-closedness of P(w)/fin shows
that H_P(w)/ﬁn Ci’ is a Ramsey ultrafilter.

In [M], Mathias has shown that r € [w]“ is Mathias generic over V if and only
if r is an almost intersection of a P(w)/fin-generic filter G’, that is, r C* a for all
a € G'. Tt follows that every infinite subset of a Mathias generic real is Mathias
generic as well. This will be used in the proof of the following well-known fact.

Lemma 1.2. Let (N, €) be a countable model of ZF~ (in particular, N must be
able to prove the above mentioned result of Mathias). If p € Q N N there exists
q € Q such that ¢ < p, uP = u?, and for every a € [w]|¥ with u? Ca CufUal, a is
Mathias generic over N. In particular, q is (N, Q)-generic below p.
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Proof. Since N is countable, in V' we may find b € [w]¥ which is Mathias generic
over N and contains p in its induced generic filter; that is, uP C b C uP U aP. Let
g = (uP,b\ uP). Then every a as in the lemma is an infinite subset of b, and hence
Mathias generic over N. O

2. OUTLINE OF THE PROOF
Let V be a model of CH and let (P,, Qs : @ < wa, f < wa) be a countable support
iteration of Mathias forcing, that is Va < wa, IFp, “Q4 is Mathias forcing”. This

notation will be kept throughout the paper.

The following theorem is folklore. In the proof, a set C C wy will be called
wi-club if C' is unbounded in w9 and closed under increasing sequences of length
wi.

Theorem 2.1. If G is P,,-generic over V, where V |= CH, then V[G] E b = ws.

Proof. In V[G] let (D, : v < wy) be a family of open dense subsets of P(w)/fin
\{0}. By a standard Lowenheim-Skolem argument, for every a belonging to some
wi-club C C wy, for every v < wy it is true that D, NV [G,] belongs to V[G,] and is
open dense in (P(w)/fin)"[%]\ {0}. Now for a given A € (P(w)/fin)VI¢\ {0}, by
properness and genericity there exists a € C such that A € G(a)’, where G(a) is the
Qa|Gol-generic filter determined by G and G(«)’ is its first component according

to the decomposition of Mathias forcing defined in §1. As a € C, G(a)" clearly
meets every D, v < wy. But now r,, the Q,-generic real (determined by G(«a)”)

is below each member of G(«)’, hence below A and in (,_,, D,. This proves that
ﬂy<wl D, is dense. O

The rest of this paper proves:
Theorem 2.2. In the notation of Theorem 2.1, V|G| = h(2) = w;.

The proof consists of the following two propositions. By S? we will denote the
ordinals in wsy of cofinality wi. We will tacitly use the well-known results from
[Bl, §5], where it has been shown that for o < wa we can define a quotient forcing
P.,/Ga, also denoted by P,,, where G,, is a P,-name for the P,-generic filter.

Proposition 2.3. There exists an wy-club C C Sf such that for every a € C' the
following holds: If r is a P,,/Gqa-name such that IFp,,/G. ‘T induces a Ramsey

VI[Ga

ultrafilter on ([w]*) ! U, then there exists a P.,,/Gq-name ' such that Fp,, /G

VIGa
“1 € V[Gas1] and r' and r generate the same ultrafilters on ([w]*) (el

~
~

Proposition 2.4. Suppose that V = CH and r is a Q-name such that lFg “r

induces a Ramsey ultrafilter D on ([w]*)V ”. Thenlrq “D and G' are RK-equivalent

~

by some function f € (Yw)NV 7.

L Added in proof: In addition we have to assume that the filter induced by r is forced to be a

P-filter in V[G |, i.e. every countable subset of the filter in V[G | has an almost intersection
~wo ~wo

in the filter.
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It is easy to see that Theorem 2.2 follows from Propositions 2.3 and 2.4; fix C
as in Proposition 2.3. In V[G] define a winning strategy for player II in the game
G((P(w)/fin)?,w) as follows:

Play in such a way that whenever ((pf,pll) : v < w)
is a play, there exists a € C such that (pl/(0) : v <
wi) and (plf(1) : v < w;) generate Ramsey ultrafilters
on ([w]?)V1%] which are not RK-equivalent by any f €
(ww)V[Ga].

First we show that such a strategy exists in V[G]. Then we show that it is
winning. We work in V[G]. For z € V[G], let o(z) = min{a < ws : z € V[G,]}.
Let T : w1 — (w1)? be a bijection such that I'(a) = (3,d) implies 3 < a. For each
a < we, V[G,] = CH. Hence we can choose g, : w1 — V[G,] which enumerates
all triples (a,m, f) € V[G,] such that a € [w]¥, 7 : [w]” — k for some n,k < w,
and f € “w. In his ath move, II plays (p.(0),pLl(1)) < (pl(0),pl (1)) such that,
if () = (B,9), £ € C is minimal with ¢ > sup{o((pL(0),pL(1))) : v < B}, and
(a,m, f) = ge(6), then for ¢ € {0, 1} we have

(1) p(i) Ca or pll(i) Na =1,
(2) plI(i) is homogeneous for T,
(3) flpa' (0)] Npg! (1) = 0.
Since C'is wi-club, it is easy to verify that this strategy is as desired.

Suppose that (p, : v < wy) are moves of player II that are consistent with this
strategy. Suppose this play is won by I. Hence there exists (rg,71) € ([w]*)2NV[G]
with (rg,71) < py, for all v < wy. So we get o € C, and Ramsey ultrafilters G;
on ([w]*)VIGal, for i < 2, such that G; is generated by (p, (i) : v < wi), and Gy is
not RK-equivalent to G; by any f € “w N V[G,]. Then G; is generated by r;. By
Proposition 2.3 we obtain that r; belongs to V[G,+1], and hence by Proposition
2.4, Gy and G, are both RK-equivalent to G(a)’ by some f € “w N VI[G,]. By
construction, this is impossible. By the game-theoretic characterization of §(2)
(see Introduction), this implies V[G] E §(2) = wy.

3. ITERATION OF MATHIAS FORCING
Throughout this section (P, Qg : o < 7,5 < 7) denotes a countable support

iteration of Mathias forcing of length . By [Sh#l p.96ff.], we may assume that
elements of P, are hereditarily countable. We shall always assume this in the
sequel. For p € P,, the collection of 3 € 7 such that in the transitive closure
of p there exists a Pg-name for a condition in @g, is denoted by cl(p). By our

assumption, cl(p) is a countable subset of v. Note that if (r, : @ < 7) is a sequence
of P,-generic Mathias reals, then only (r, : o € cl(p)) are needed in order to
evaluate p. Letting a* = cl(p), we can define P,~ as the countable support iteration
of Mathias forcing with domain a*. So P, is isomorphic to Ps, where § = o.t.(a*).
The question arises whether we can view p as a condition in P,«. It should be clear
that this is not obvious.

In this section we prove that P, has a dense subset P§ which can be equipped with
an order <’, such that forcing with (P,, <) is equivalent to forcing with (P}, <’),
and the definition of (P}, <’) is absolute for II}-correct models of ZF~ (up to
some trivial restrictions). This will be used in the following sections to show that
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potential counterexamples to Propositions 2.3 and 2.4 must be added by an iteration
of countable length (see Lemma 4.2). In particular, it will be obvious that if p € P/
then p € P.., where a* = cl(p).

We shall present these results for Mathias forcing only, although they can be
generalized to include many more forcing notions. They are true for the class of
Suslin proper forcings in the sense of [JSh2]. But this is not the optimal level of
generalization, since our results are also true for all standard tree forcings such as
Sacks, Laver, Miller forcing. But these are not Suslin proper in the sense of [JSh2]
since their incompatibility relation is not analytic. In [Sh630] the first author gives

a framework which includes all of these forcings.

Lemma 3.1. Let (Pa,Qg ca < 4,8 < v) be a countable support iteration of
Mathias forcing. Let (N, €) be a countable model of ZF~. Let a* C v be closed
such that a* € N and a* C N (so a* is countable in V). Let (Pyera, Qo : @ € a*)
be a countable support iteration with domain a* of Mathias forcing.

If N = p € P,-, there exists ¢ € P, with cl(q) = a* such that q is (N, Py, p)-
generic; that is, if (ro : o < 7y) is a sequence of Py-generic Mathias reals over V
with q belonging to its induced generic filter, then (ro : a € a*) is (P,)"N -generic
over N, with p belonging to its induced filter.

Proof. The proof follows closely Shelah’s proof ([Sh#, p.90]) of preservation of
properness by countable support iterations. By induction on j < maxa*, j € a¥,
we prove the following:

(x) For every i < j, i € a*, for every p a P;-name for an element of
(Pasnj)N NN, and for every q € P;, if q is (N, Pyny, pla* Ni)-generic
with cl(¢) = a* N4, then there exists r € P; with cl(r) = a* N j such
that r is (N, Py+nj, P)-generic, and r[i = q.

Case 1. j =mina*. Then Py-n; = {0}. We let r = 0.

Case 2. a* N j = (a* N B) U{B} for some § < j. By induction hypothesis we
may assume S = 4. Choose (r, : a < i) Pi-generic over V such that ¢ be-
longs to the induced generic filter. Then (r,, : a € a* Ni) is (P,n;)Y-generic
over N with p[r, : a < i]]a* N4 belonging to the induced filter. Hence z :=
(Plra @ & < i](i))[re : o € a* Ni] is well-defined and Nry : o € a* N ] “x is
a Mathias condition”. By Lemma 1.2, choose a Mathias condition y < x which is
(Nrq :a € a*Ni],Qi[ra : o € a* Ni])-generic. In V' we may choose a P;-name ¢(7)

for y such that g forces the above to hold for q(i). Then r = ¢"(q(i)) is as desired.

Case 3. Ja*Nj = j. Let {(ip, : n < w) be increasing and cofinal in a* N j with
ip = i. Let (D, : n € w) list all subsets of (P,+«n;)" which belong to N and are
dense in the sense of N. We define sequences (g, : n < w) and (p, : n < w) such
that g9 = ¢, po = p, and for all n < w the following hold:

(1) Pn+1 is a P, -name for an element of (Py«n;)™
(2) gn € Pzﬂ and qn is (N, Py+ni, s P, la* Niy)-generic.
( ) qn+1lin —Qn

4) gnlFp, “Ppi1 € DnNN andp,,; < p,”-

Suppose that we have already gotten g, and p,,. Choose (ry, : @ < i,,) P;, -generic
over V with ¢, belonging to its induced generic filter. Let s = pulrq @ a < iy].
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Hence s € (Py+n;)Y NN by (4) in case n > 0, and by assumption on pg otherwise.
In N we can define

D;L = {to S Pa*ﬂin : Ehfl(to/\tl € D, and to/\tl < 8)}

Then N thinks that D!, is dense below s|i,, in Py«n,,. By (2), s|i, belongs to the
(Pu+ni, )N -generic filter induced by (r, : @ € a*Ni,). By genericity this filter meets
D!, N N, and hence there is t € D,, N N with ¢ < s and ¢[i,, belonging to the filter.
In V we find a P;_ -name p,41 for ¢ such that g, forces the above properties of ¢ to
hold for py41.

By induction hypothesis, (x) is true for i = 4,, j = i,41. Therefore there exists
qn+1 € P;, .., such that (3) holds and (2) holds for n 4 1 instead of n.

This finishes the construction. Now let r = J,,,, ¢o. Then r is as desired, as is
easily seen.

Since a* is closed, the three cases are exhaustive. O

We start defining (P;, <'). For a an ordinal, define P, as follows:

p € Pl iff p is a function, dom(p) € [a]=¥, and for all i €
dom(p) there exists u? € [i]S* such that p(i) is the code
of a Borel function with domain the set of all functions
r:ul — “w and target the set of Mathias conditions. For
i & dom(p), we let uf = 0.

For any well-ordered set a*, we can similarly define Pl.. If p € P/, we let
cl(p) = U{u? : i € dom(p)}U dom(p).

Remark 3.2. We can view P as a subset of P,. Given p € P! and i € dom(p), and
(rj : j < i) P;-generic over V, by absoluteness we have that p(i)(r; : j < uf) is
a Mathias condition in the extension. By the existential completeness of forcing,
there exists a P;-name 7; such that IFp, p(i)(r; : j € u?) = 7;. Now we can identify
p with (r; : ¢ < v) € P,. In the sequel we shall tacitly make use of this
identification.

We want to define a partial order <’ on PA’/ such that forcing with (Pv/’ <) will
be equivalent to forcing with (P, <). First, for p € P/, we define by induction on
a < v when some family of reals (r; : j € u) with cl(p) C u satisfies p:

a = 0: The only member of Py is (), and we stipulate that every sequence of
reals satisfies (J;
a=p0+1: (r; : j € u) satisfies p if (r; : j € u) satisfies p[§ and the filter of
Mathias conditions induced by rg contains p(B)(r; : j € up);
a=a: (r; : j € u) satisfies p if (r; : j € u) satisfies p[3 for all a < .
Now let p,q € Pf/. We define
p <’ ¢ iff dom(q) C dom(p), u] C u? for all i € dom(p),
and for every family of reals (r; : j € u) such that cl(p) C
wand (r; : j € u) satisfies p; for every i € dom(q) we have

p(i)(rj : j € uf) < q(i){r; : j € uf),
where < denotes the Mathias order.

Being a Borel code is a I} property (see [J, p. 538]). Therefore, by the definitions
and absoluteness of II} statements we obtain that the definition of (P}, <’) is very
much absolute.
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Fact 3.3. Let (N, €) be a countable transitive model of ZF~ with v € N. Then
NEpeP, iffpe PAON and N = cl(p) is countable. Moreover, for every
D,q € (Pf/)N we have that N =p < q iff p<'q.

Later we will use variants of this fact without proof. In particular, we will have
that 7 is countable in N. Then “N |= cl(p) is countable” follows, and we do not
have to assume that IV is transitive.

We want to prove equivalence of the forcings (P,, <) and (P;, <'). We start with
the following easy observation:

Lemma 3.4. Ifp,q € P}, then p <’ q implies p < q.

Proof. By induction on a <« we prove that this is true for P..
a = 0: clear.
a=f+1: p < gclearly implies p|3 <’ q|3. By induction hypothesis we conclude
plB < qlB. Let Gg be Pg-generic over V with p[8 € Gg. Let (r; :
j < ) be the sequence of Mathias reals determined by Gg. It is clear
that (r; : j < () satisfies p[3. By assumption we have p(8)(r; : j €
up) < q(B)(rj : j € uj). By our identification (see Remark 3.2) we
have p(B)(r; : j € up) = p(B)[Ggl and ¢(B)(r; : j € uf) = q(B)[Gs]-
Consequently, p[3 IFp, p(8) < q(8), and hence p < q.
a =|Ja: clear by induction hypothesis and definition of the partial orders. O

The next lemma shows that Pfy is a dense subset of P,. In the proof we
will use the following coding of Mathias conditions by reals z € “w with the
property Vi, j(0 < i < j = x(i) < x(j)): such z codes the Mathias condition
(ranz|[1,2(0)), ranz[[x(0),00)). Hence we may assume that a P;-name for a Math-
ias condition is a sequence (f, : n < w) such that f, : 4, — w, where A, is a
countable antichain of P;.

For p € P, and a sequence of reals 7 = (r; : j € u) with cl(p) C u, we define by
induction on i <+, i € dom(p),

(a) T evaluates p(i);
(b) p(i)[7], if 7 evaluates p.

Case 1. i = 0. T evaluates p(i), p(i)[F] = p(4).

Case 2. i > 0. Then p(i) = (fn : n < w), where f, : A, — w and A, C P; is a
countable antichain. We define that 7 evaluates ~ if:

(1) for every n < w, every q € A,, and every § € dom(q), 7 evaluates
a(B);

(2) for every n < w there exists a unique ¢ € A, such that for all 3 €
dom(q), ¢(B)[r] belongs to the filter on @ induced by 7g;

(3) the real  defined by x(n) = f,(q), where ¢ € A,, is the unique member
as in (2), codes a Mathias condition (i.e. ¥i,7j(0 <i < j <w = z(i) <

z(4)))-

If (1)-(3) hold, p(4)[7] is defined as the Mathias condition coded by .

The set of sequences 7 = (r; : j € cl(p(¢))) which evaluate p(7) is a Borel set with
code p(i); it is not difficult, though tedious, to show that it has a A}(p(i))-definition
(see [JSp], where the details are worked out). First, 7 evaluates p(i) iff there exists
a sequence of reals which are the evaluations by 7 of all the names that belong to
the transitive closure of p(i), such that p(i) can be evaluated from these using 7.
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Since p(i) is hereditarily countable, there is only one existential real quantifier, and
the others are number quantifiers. Second, if such a sequence of reals exists, then
it is unique, hence we can turn this statement into a universal statement. Now by
Suslin’s theorem (see [, p.502]) we are done.

By a similar argument, the map sending 7, which evaluates p(i), to p(#)[7] has a
Borel definition.

Lemma 3.5. For every p € P, there exists p’ € PA’/ such that p’ < p.

Proof. For each i € dom(p) let u}, = cl(p(i)). Then ul is countable. We define
p(): {F:7: v — “w} — Q (Q is Mathias forcing) by cases as follows: If 7
evaluates p(i), we let p’(i)(7) = p(i)[F], otherwise we let p(i)(7) be the maximum
element of ). By the remarks above, p’(7) is a total Borel function as desired. Now
let p’ = (p(i) : i € dom(p)). Then clearly p’ € PJ. By induction on i € dom(p’)
it is easy to prove that if 7 = (r; : j < i) is P;-generic over V and contains p’[i in
its generic filter, then 7 evaluates p(i) and p'(i)(7) = p(4)[7]; hence p'[i Ikp, p'(i) =

p(i). O

In order to conclude that forcings (P, <) and (P, <') are equivalent, it is enough
to prove the following:

Lemma 3.6. For all p,q € P, with p < q there exists r € P, with r <" p and
r<'gq.

Corollary 3.7. Forcings (P, <) and (P}, <') are equivalent.

Proof of 3.7. By Lemma 3.5 it is enough to show that (P),<) and (P, <’) are
equivalent. Let D be dense open in (P, <), and let p € P.. Let ¢ € D, ¢ <p. By
Lemma 3.6 there is r € P4 with 7 <’ p and r <’ ¢q. By 3.4 we have r < ¢, and hence
r € D. Therefore D is dense in (P}, <'). Conversely, if D is dense in (P, <'), then
D is dense in (P}, <) by Lemma 3.4.

From Lemma 3.6 it follows that for all p,q € P;, p,q are incompatible with
respect to < iff they are incompatible with respect to <’. Therefore every (P, <)-
name is a (Pé, <’)-name and vice versa.

It follows that if G is a (P;, <)-generic filter, then G is also (P, <')-generic, and
if G' is (P}, <')-generic, then G = {p € P, : 3¢ € G'(q < p)} is (P}, <')-generic,
and then V[G] = VI[G]. O

The following will be crucial for proving Lemma 3.6:

Lemma 3.8. Let a* be a countable closed set of ordinals, and let p € P... Let
(N, €) be a countable elementary substructure of (H(x),€) for some large enough
regular x, such that p,a* € N. There exists ¢ € Pi., ¢ <' p, such that for every
sequence of reals ¥ = (r; : | € a*) which satisfies q, T is (Py+,<)-generic over N.

Proof. By induction on j € a* we prove the following:
(%) For every i < j, i € a*, for every P,«n;-name p for a member of
N N Py+nj, and for every ¢ € P...,, if every sequence of reals 7 =
(r; : 1 € a* N4) which satisfies ¢ is P,»n,-generic over N, and ¢ IFp,.. .
Pli € Gg+ni, then there exists r € P(;*ﬂj such that rfa* Ni = g,
every (r; : | € a* N4) which satisfies r is P,-nj-generic over N, and
rlkp,..; P € Ganyj-
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Case 1. j = mina*. Let r = ().

Case 2. a*Nj = (a* N PB)U{P} for some § < j. By induction hypothesis we may
assume 3 =i. Let ¥ = (r; : | € a®* N1i) satisfy ¢. By assumption, 7 is P,+n;-generic
over N and p|[7]la* Ni belongs to the generic filter induced by 7. By absoluteness,
x = (p[7](¢))[F] is a Mathias condition in V', say x = (u”*,a”). Using N[7] as a
code, we may effectively construct u € [w]* which is Mathias-generic over N[F] with
x belonging to the generic filter induced by w. Let y = (u*,a* Nu). Then every real
r; which satisfies y is Mathias-generic over N[7] (see Lemma 1.2). Moreover, the
function sending 7 to y is Borel. Denote it by (7). Then we may let r = ¢"(r(7)).

Case 3. a*Nj is unbounded in NNj. We choose (i, : n < w) increasing and cofinal
in NNj with ig = 4. Let (D, : n < w) list all dense subsets of P,+n; in N. We
define two sequences (g, : n < w) and (p, : n < w) such that go = ¢, p = po, and
for all n < w the following hold:

(1) pn+1 is a P -name for a member of Py«n; N N;

(2) gn € P}.;, , and for every 7 = (r; : | € a* Niy,) which satisfies gy, 7 is
Pa+ni,-generic over N, and g, lbp,. ., P,la* Nip € Garniy;

(3) dnt1lin = qn;

(4) qn IFp,.ri, Pnt1 € Dn NN and p, 1 < Py,

The construction is analogous to the proof of Lemma 3.1.

Now let 7 = |J,, <, qn, and let ¥ = (r; : [ € a*Nj) satisfy r. We have to show that
T is Py+nj-generic over N. Let G C P,-n; be the filter induced by 7. Then r € G.
We have to show that D, NG # () for all n < w. Let n < w. We claim that p,1 :=
Prn+1[Flin] € GN D,. By (2) and (3), 7lip i Py=ns,-generic over N, and hence
Pnt1 € Dy, by (4). To prove p, 41 € G it is enough to show that pni1[im € Gaxni,,
for all n < m < w. For this, by induction on m show (using (4)) that p,, < pny1.
This suffices, since by (2), pm[a* N im € Ga=ni,,. This finishes the proof of (x).

Applying (*) for ¢ = min(a*) and j = max(a*), we get ¢ € P/, such that every
7 = (r; : | € a*) which satisfies ¢ is (Py«, <)-generic over N and contains p in
its induced filter. We have to show that ¢ <’ p. By contradiction, suppose that
7= (r; : 1 € a*) satisfies ¢ and there is ¢ € dom(q) such that ¢(¢)(r; : | € a* N3)
Z p(i)(r; : 1 € uf). We can choose r, which satisfies q(i)(r; : I € a* N14), but
not p(i)(r; : 1 € u¥). Choose (r] : I € a*\ (i + 1)) arbitrary such that # :=
(rp:lea*ni)(r] : 1 € a* \ i) satisfies ¢. By the above, 7 is P,+-generic over N,
containing p in its generic filter. But this is impossible by the choice of r;.

We are now able to give the proof of Lemma 3.6.

Proof of 3.6. Let p,q € P, with P, = p < q. Let a* = cl(p). Hence we have
p,q € Pl. C Py«. We need the following claim:

Claim. P, Ep<q.

Proof of Claim. Otherwise, let i €dom(p) be minimal s.t. ~(plilFp . . p(i) <q(i)).
Choose 1 € Py+n; such that Py =7 <pliand rlkp,. . p(i) £ q(3).

Let (N, €) be a countable elementary substructure of (H(x), €), x large enough
and regular, containing everything relevant. By Lemma 3.1 there exists ¢ € F;
which is (N, Py«n;, r)-generic. Let 7 = (r; : j < i) be P;-generic over V with
¢1 belonging to the induced filter. Then (r; : j € a* N4) is P,-n,-generic over
N, with r belonging to the induced filter. We conclude that on the one hand,
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Virj :j <i Ep@)r;:j <i <q(i)[r; : j <1i], but on the other hand,
Nirj:j€a" nNilEpi)rj:jea*Ni| £ q(@)r;:je€a*Ni.

But p(i)[rj : 5 <] = p(i)[r; : § € a* Ni], and similarly for ¢(¢). Since the Mathias
order is absolute, we have a contradiction. O

Let (N, €) be as in the proof of the Claim. By Lemma 3.8, there exists r € P..
with » <’ p such that every sequence of reals 7 = (r; : j € a*) which satisfies r
is P,+-generic over N. Given such 7 and ¢ € dom(p), p[i belongs to the generic
filter on P« N N induced by 7la* N i, and hence by the Claim, N[Fla* Ni] |=
p(i)[rla* Ni] < q(i)[rla* Ni]. But p(i)[Fla* Ni] = p(i)(r; : j € u¥), and similarly
for ¢. By absoluteness of the Mathias order and by » <’ p we obtain

r(i)(rj «j € up) < p(i)(rj 1 j € uf) < q(i)(rj : j € uf).
Since 7 and i were arbitrary we conclude that r <’ g.

The proof of Corollary 3.7 now being complete, throughout the rest of this
paper we identify (P,, <) with (P}, <').

Definition 3.9. If v C + is finite and p,q € P,, then ¢ <, p is defined by ¢ < p
and for all @ € u, qla lFp, “g(a) and p(«) have the same first coordinate”.

By arguments that are standard by now, we obtain the following lemma. Note
that it makes sense only in the light of Corollary 3.7. For the proof, make a similar
inductive construction as we did several times. At successor steps, use Lemma 1.2
to get generic conditions which are pure extensions, if required by u.

Lemma 3.10. Let (N, €) be a countable model of ZF~ such that v is countable in
N. Ifpe PyNN, and u € [y|<¥, there exists ¢ € Py such that ¢ <, p and q is
(N, Py)-generic.

For the proof that potential counterexamples to Propositions 2.3 and 2.4 are
added by an iteration of countable length, we will also need the following lemma.

Lemma 3.11. Suppose a* C 7 is a countable closed set of ordinals, Py« is a count-
able support iteration of Mathias forcing with domain a*, and p € Py~. Let (N, €)
be a countable model of ZF~ with v € N, and suppose that a* C N, a* € N, p € N,
and N |=p € Py-.

There ezists ¢ € Py« and a Pyx-name ¥, = (r; : | < 7) such that ¢ < p and,
letting Tox = (r; : | € a*) be a name for the P,«-generic sequence of Mathias reals,
we have

w/ ”

qlFp,. “T. is Py-generic over N, and VIl € a*(r; = 17)”.

Proof. By induction on j <, j € N, we prove the following:
() Suppose i € j, i € N, ¢ € Pyery;, and T, = (r] : | < 1) is a Py«n;-name
such that ¢ < pla*™ N4 and
qlkp,... Tis Pi-generic over N and VI € a* Ni(r; = ry).
Then there exists r € Py«n; and t; = (r) : [ < j) such that rfa*Nj = g,
r < pla*Nj, ¥;li =1}, and

rlkp,.., “F; is Pj-generic over N and VI € a™ N j(r; = ;).

Case A. NNj=(NnNPB)U{F}, for some 8 < j. Then j =3 +1, since N = ZF~,
and so f+ 1 € N. Hence we may assume (5 = 1.
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Case Al. i € a*. Let 7y=ni = (r; : | € a* Ni) be P,«n;-generic over V with ¢ in
its generic filter. Let 7, = ¥[Fq«n;]. Then N[F}] € V[Fe«ns] and N[F}] = ZF~. By
assumption we have p(i)[Fq+ni] = p(?)[7;]. Let x be this common value. Then z is a
Mathias condition. By Lemma 1.2, in V[7+n;] we may choose a Mathias condition
y < z such that every z € [w]* with «¥ C z C w¥ UaV is Mathias generic over N[].
In V we have a P,+n;-name ¢; such that ¢ forces that all of the above holds for g;
instead of y. Now let r = ¢"{(¢;) and r} = r;.

Case A2. i & a*. Then P,«n; = P,=n;. Since N is countable, in V' there exists a
P,+«n~;-name 1} such that ¢ forces that rj is Mathias generic over N[r;]. We let r = ¢

and T = /" (r}).

Case B. N N j is unbounded in N N j.

Case B1. j € a*. Since a* is closed and a* C N, we conclude that either a* N j
is bounded in a* N j, or else a* N j is unbounded in j. In the first case we may
assume 7 > max(a* N j), and proceed as in Case A2. In the latter case, a similar
diagonalization as in 3.1 and 3.8 works.

Case B2. j & a*. Since a* is closed, a* N j is bounded below j. Hence we may
assume ¢ > max(a* Nj). Then Py«n; = Py=n;, and as in Case A2, in V' there exists
a Py+n-name (r} : i <1 < j) such that ¢ forces that (r} : i <1 < j) is P;/T}-generic
over N. We let 7 = ¢ and 1} = z;/%r; 2 <1< j).

4. PROOF OF PROPOSITION 2.3
The following lemma will give us the wi-club for Proposition 2.3.
Lemma 4.1. Suppose V |= CH. Let (Py,Qp : o < wa,f < wa) be a countable

support iteration of Mathias forcing. Let Gy, be P,,,-generic over V and, ford < wa,
s the Q5[Gs]—generic real determined by Gy,. Then the set S of § € S? such that

for some ag < 0
(%) P(w)V HCes Y] = p()VIGss]
18 nonstationary.

Proof. Suppose that S is stationary. We will derive a contradiction. For § € S
choose ps € Ps;1 forcing (x). Since § € S? and ps is hereditarily countable, without
loss of generality we may assume that ps(0) is a P,,-name and sup(dom(ps[d)) < as.
Otherwise, increase a5, and then (x) still holds, of course. By Fodor’s Theorem
and V[G,] E CH for a < ws, there exist a* < wq, p € P,+ and a stationary
S1 C S such that Vo € S1(as = a® Aps[d = p). Hence in V[G,+] we can compute
ps(0)[Gs] for 6 € S;. Again by the CH in V[G,+] and the Rg-completeness of the
nonstationary ideal on ws, there exist a stationary Sz C 57 and ¢ € Qa4+ [Gox] such

that Vé € Sg(p(;((s) [G(s] = q).

Let G(ws) be QVICGw2]_generic over V[G,,,], where Q is Mathias forcing, such that
q € G(w2). Let r,, be the corresponding Mathias real, and let G,,+1 = G * G(wa).
By Theorem 2.1, P(w)/fin is N;-distributive in V[G,,]. Since Mathias forcing is the
composition of P(w)/fin and some o-centered forcing, it follows that V[Gu,+1] &
¢ = wy. By properness and V |= CH we have V[Gyx,7y,] E CH. (If you do not
see this, let V' = L and use [J, 15.3., p.130].) Hence there exists a* < a < wy such
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that ro € V[Gar,7w,). Hence in V[G,,] there exists ¢; € Q%21 N G(wq), ¢1 < q,
forcing this. Let o < v < wa such that ¢1 € V[G,]. By genericity there exists
§ € Sy N [v,ws) such that, if 1 = (u,a), then u C rs C u U a, that is, ¢g; belongs
to the generic filter generated by rs5. Let go = (u,aNrs). Then g2 € QVIGe2] and
2 < q-

Let 7 be QV[G<2]_generic over V[G,,] such that u € r C w U (a N7;5). Then
r is an infinite subset of rs. By the remark preceding Lemma 1.2, we have that
ris QY% generic over V[Gs]. From (x) and the choice of ¢ we conclude that
To € V][Gqa+,7]. On the other hand, ¢; belongs to the generic filter induced by r,
and we conclude 1o & V[Gq~, 7], a contradiction. O

Let C' C S7\ S be w;-club, where S is as in Lemma 4.1. We claim that C serves
for Proposition 2.3. By contradiction, suppose that this is false. Hence there exist
aeC, p*€P,,/Gq, and r such that

Ga
p"lFp,, /G, 7 induces a Ramsey ultrafilter on ([w]“’)v[ 1 which is

(+)
not induced by any real in V[Gay1].

~

We may assume that cl(r) C cl(p*).
Since forcing P,,/G4 is equivalent to a countable support iteration of length

wo of Mathias forcing in V[G,] (see [Bl, §5]), for notational simplicity we assume
V|Gas] = V for the moment, and later we shall remember that really V = V[G,]
for some o € C and derive a final contradiction.

First, we show that by the absoluteness results from §3, we may assume that
r is added by an iteration of countable length. Let a* = cl(p*). So a* C wsq is

countable. We may assume that 0 € a* and a* is closed.

Lemma 4.2. Assuming (+), it is true that p* IFp,, “r induces a Ramsey ultra-

filter on ([w]*)V which is not induced by any real in V[Go]”.

Proof. (a) p* IFp,. 7 induces an ultrafilter on ([w]*)V: Otherwise, there exists a €
(w]“)Y and p € P, such that p < p* and p IFp,. “rNaand r N (w )\ a) are
both infinite.” Let x be large enough and regular, and let (N, €) < (H(x),€) be
countable, containing everything relevant. By Lemma 3.1 choose g € P,,, such that
q is (N, Py~, p)-generic, and let (r, : @ € wy) be P,,-generic over V, with induced
filter G, such that ¢ € G. Then (r, : a € a*) is P,«-generic over N with p, and
hence also p*, in its generic filter, denoted by Gg+. Then clearly p* € G. We
obtain that V[G] = “r[G] C* a or r[G] C* w\ a”, and N[Gy+] = |7[Ge<] Nal =
|7[Gax] N (w\ a)] =w. But clearly r[G] = r[Gq~+], a contradiction.

(b) p* Ikp,. “No real in V[Go] induces the same ultrafilter (on ([w]*)V) as r”:

Otherwise, there is p € P,«, p < p*, and a P;-name 7! such that p IFp . 7 and rl

induce the same ultrafilter. Choose (N, €) as in (a), containing everything relevant.
We can get g € Py+, ¢ < p, as in Lemma 3.11. Let 7, = (r; : | € a*) be P,+-generic

over V containing ¢ in its generic filter. By Lemma 3.11, in V[F,«] there exists
7, = (r] : I < ws) such that 7, is P,,-generic over N and r; = 77, for all [ € a*.

We obtain that [, ] = r[Fe+] and r*[7, ] = 7'[Fe-]. Let the common value be
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r, ', respectively. In N7 ] we have some z € ([w]*)" such that r C* z but
rt &* x, or conversely. Since N[, ] € V[Fy+], we have that in V[7,+], r and r! do
not generate the same ultrafilters on ([w]*)V, a contradiction.

(c) p* IFp,. r induces a Ramsey ultrafilter on ([w]“)V. Otherwise, there exist

p € Py and f € (“w)V such that if D is a P,--name for the filter induced by r
we have that plFp . f is unbounded but not one-to-one modulo D. Let (N, €) be

as above containing everything relevant. We can get ¢ € P,«, ¢ < p, as in Lemma
3.11. Let 7o« = {(r; : | € a*) be P,+-generic over V containing ¢ in its generic
filter. By Lemma 3.11, in V[Fg+] there exists 7/, = (1} : | < wo) such that 7/, is
P.,-generic over N and ry = ry, for all | € a”. We obtain that r[r,] = r[re-]. Let
r be the common value. Then r induces the same filter, say D, in V[7,+] and in
N[r,,], and also f is unbounded modulo D in both models. Hence by construction,
on the one hand we have that V[F,+] = f is not one-to-one modulo D, but on the
other hand, N[, ] = f is one-to-one modulo D. Since N[, ] € V[r,-] we have a
contradiction. O

Continuing the proof of Proposition 1, let § = o.t.(a*). Then § < wq, and clearly
P, and Ps are isomorphic. Then our assumption (+) becomes:

p* IFp, r induces a Ramsey ultrafilter on ([w]*)"" which is

++
(++) not induced by any real in V[Gy].

Let D be a Ps-name for the filter on ([w]*)V induced by . In V, let (N, €)

be a countable elementary substructure of (H(x),€), where x is a large enough
regular cardinal, such that é,p*, D, r € N. This N will be fixed for the rest of

this section. Let G be Qo-generic, containing a (N, Qq)-generic condition below
p*(0). In V[Gy] we define

Y ={Y : 3(N[Go], Ps/Go)-generic q(q < p"I[1,0) AqlFp, /6, “DNN =Y7)}.

Since every Ramsey ultrafilter is a p-point (see §1), and every Y € ) is a count-
able subset of the denotation of D in a P5/Go-generic extension of V[Gy], and D is

forced to be a Ramsey ultrafilter on ([w]“)", we conclude that such Y is definable

from ([w]*)"¥ and a member of ([w]“)", and hence Y C vE
Lemma 4.3. Y is a 33 set in V[Gy].

Proof. We show that Y € ) is equivalent to saying:
There exists a countable model (M, €) such that N[Go] U
{N[Go],Y} c M, (M,E) ': ZF~, and (M,E) ': Jq €
Ps/Go(q is (N[Go], Ps/Go)-generic and q IFp; /c, “lN) N
(W)N =Y7).
It is well-known (see [J, the proof of 41.1., pp.527f.]) that the quantification
over countable models as above is equivalent to quantifying over structures (w, R),

where R is a well-founded binary relation, which makes the formula no worse (and
no better) than ¥}, and that the rest is arithmetical.

2Added in proof: This argument works only if Y € V, which is false in general. It is here that
we need that D is forced to be a P-filter in V[G5] (see footnote 1).
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If Y € Y, then choosing a countable (M, €) which is elementarily embeddable
into (H (x)V[¢] €) and contains N[Go] U {N|[Go], Y}, we easily see that one impli-
cation holds.

Conversely, if (M, €),Y,q are given, as above, then by Lemma 3.10, in V[Gy]
choose ¢1 < g which is (M, P5s/Gg)-generic. Here we use again the fact that Ps/Go

is equivalent to a countable support iteration of Mathias forcing. Then clearly ¢;
is also (N[Go], Ps/Go)-generic, and ¢ IFp, /g, “D N ([w]*)Y =Y holds in V[Gy).

In fact, let G1 be Ps/Go-generic over V[Gp], containing ¢;. Then Gy is Ps/Go-
generic over M and contains ¢q. By assumption on M, G; is Ps/Go-generic over N.

Moreover, r[Gp * G1] is the same real in V[Go * G1] and N[Gy * G1]. Hence we are
done. O

The crucial fact, whose proof will require considerable space, is that ) is un-
countable. Then we obtain that in V[Go], ) is an uncountable ¥} set which is a
subset of V. By a well-known result of descriptive set theory (see the remark after
Corollary 4.10, below), either ) has a perfect subset, or else ) is the union of ¥,
countable Borel sets. The first case will be ruled out by a theorem which says that
Mathias forcing does not add a perfect set of old reals. In the second case we shall
remember that really V = V[G,] for some o € C, and by the definition of C' we
will obtain a contradiction.

In order to prove that ) is uncountable, by fusion we shall build a perfect tree of
(N[Go], Ps/Go)-generic conditions which all decide DN N in different ways. This is

much harder than it might seem at first glance. The crucial lemma will be Lemma
4.7 below.

Definition 4.4. (1) For u € [6]<“ and p € Py, let
E(p,u) = {a € (w]*)Y : 3¢ <. p(qFp, a € D)}.
(2) Suppose T = (x4 : a € u) is such that every z, is a Py-name for a finite subset

of w with elements larger than the members of the first coordinate of p(«). Then by
pUZ we denote the condition p € Ps by p(a) = p(a) for a & u, and first coordinate of
p(«) = first coordinate of p(«), and second coordinate of p(«) = (second coordinate
of p(a)) U x4, for a € u. Moreover, by Z U p we denote the condition g € Ps by

d(a) = p(a) for a & u, first coordinate of (o) = (first coordinate of p(a))Ud:, and

second coordinate of §(a)) = (second coordinate of p(«)) \(max(zs)+1) for a € u.

Lemma 4.5. The ordering <, has the pure decision property; that is, for T a Ps-
name for a member of {0,1} and p € Ps there exists ¢ <, p such that q decides
T.

Proof. We prove it by induction on max(u). Let ag = max(u) and up = u \ {ap}.
We may regard 7 as a P,,-name for a P5/G,,-name. First, if ag = 0, then by the

pure decision property of Mathias forcing (proved in [Bl 9.3.]) there exists ¢(0) € Q,
q(0) <103 p(0), deciding the disjunction “3q; € P5/Go(q1 <p [ [1,6) Aq1 IF1s 7=

0)V3Iq € Ps/Golgi <p [ [l,0) Aq1 IF1s 7 =1)”. By the maximum principle of
forcing we may find ¢; such that ¢(0)"q1 <;o} p and ¢(0)"q1 decides 7.
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For the inductive step, as in the case ap = 0, we know that for some ¢1 € P5/Gaq,,

@ <{ap} P | [ao, 0), p | ag IFp,, “q1 decides 77; moreover, by induction hypothesis
there exists qo <4, p7 qo € Pao7 which decides Whether for such g1, g1 IF 7 =0 or
g1 Ik 7 =1. Then go"q; is as desired. O

Lemma 4.6. Let p € Ps, u € [dom(p)]<“, n € w and T = (x4 : a € u) such that
Zo is a Py-name for the first n members of the infinite part of p(«). Suppose also

that for no ¢ < p, E(q,u) is a filter.
Then for ¢ € {0,1} there exist ¢; <, p and disjoint a; € [w]* such that ¢; UZ I
zal c D”.

Proof. First note that if ¢ < p, for every k € w we may find a disjoint sequence
(a; : i < k) of members of [w]* and (g; : ¢ < k) such that ¢; <, g and ¢; IF “a; € D”.
In fact, since E(q,u) is not a filter, there exist af, aj € E(q,u) such that aj Na) &
E(q,u). Let ¢} <, g force “a} € D” By the pure decision property of <, as proved

in Lemma 4.5., there exists g9 <, ¢ deciding whether ag := aj \ a} or aj N a1
belongs to D. Then clearly qo IF “ap € D”. Hence we may let ¢1 = ¢}, a1 = aj.

Now proceeding by induction we easily construct (a; : i < k) and {(g; : ¢ < k) as
desired.
For a € u let {y!, : i < 2™) be an enumeration (of names) of all the subsets of (the

o(a)

denotation) of x4, and let (g; : i < n*) enumerate all §o = (yo' ~ : @ € u), where

€ “(2™). Now using the observation above we easily construct ¢, and a, € [w]*
for every 7 € <""(n* 4 1), such that the following requirements hold:
(1) 0 = p; ap = w,
(2) (ar~qy : i <n*+1) is a partition of w,
(3) 7
(4)

)

CU:>QT Zu 4o,
7] > 0= grj-1 Ugr I “a, € D",

Now choose gy <, p such that for every i < n* and 7 € <" (n* +1), 7; U qo
decides for which j, a,~;y belongs to D. For this we use again the pure decision

property of <,. Then clearly we may find 7, € ™ (n* 4+ 1) such that, letting a; :=
U{A-; 1 <j <n*}, a0 :=w)\ a1 and q1 := ¢, the conclusion of the lemma
holds. |

The following lemma shows that the assumption of Lemma 4.6 holds. As always,
we implicitly regard Ps/Gy as a countable support iteration of Mathias forcing.

Lemma 4.7. In V|[Gy], for no ¢ € Ps/Gy with ¢ < p*[[1,6), and for no u €
[dom(q)]<¥ is it true that E(q,u) is a filter.

Proof. Suppose by way of contradiction that for some ¢ < p*[[1,d) and u €
[dom(q)]“, E(q,u) is a filter. By the pure decision property of <,,, then F(q,u) is
an ultrafilter. By the transitivity of the ordering <, we have that for every ¢’ <, ¢,
E(¢,u) C E(gq,u) and hence E(q¢',u) is a filter. By the pure decision property
again, we obtain FE(¢’,u) = FE(q,u). This fact will be used several times in the
sequel.
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In V let E,q be Qp-names for E(q,u),q. Without loss of generality we may
assume that the above properties of E(g,u),q are forced by p*(0) to hold for E, g.
Moreover we may certainly assume F,q € N.

Let Go = G{ * G{j be the decomposition of Gy according to the decomposition
of Mathias forcing Qo = Q} * Q4. Let p*(0) = (u”",a?"). In V[G})] we can define

Dy ={a€w®:3d €GP ,d)IF “ac E}.

By hypothesis and as Q(G}) has the pure decision property (see [JSh]), we
conclude that D; is an ultrafilter. Working in V[G(], we distinguish two cases
according to whether Gy, is a projection of D; or not. In both cases we derive a
contradiction.

Case 1. Gy <pk D7.

Let f € “w witness this. As @ is o-closed and hence does not add new reals,
feV. As N := N[G}] < (H(x)VI%], €) (see [ShH, 2.11., p.88]) and D; € N’, we
may assume f € N’, and hence f € N by properness. Since G{ N N is countable,
there exists a € G{, such that GGy NN ={b€ N : a C* b}.

We work in V[G]]. By Case 1 there exists b € D; such that f[o] C a. Let
x € Q(GY) with uP” as its first coordinate be such that

(1) x “_Q(G{)) beFE.

Note that z is trivially (N[Go], Q(G{))-generic, since Q(GY) is cce. By Lemma 3.10

there exists a Q(G{)-name ¢ for a (N [Go] Ps/ Go) -generic condition, such that
p*(0) IFQay) q1 <u q By the remark at the begmnmg of this proof, we have

(2) p*(0) IFqay) E(g,u) = E(q~1,U)-

We conclude that z * ¢1 is a (N[Gy], Q(Gp) * (Ps/Go))-generic condition below
p*. By (1) and (2), there is a Q(G{)-name g such that p*(0) I+ qg <u @1 and
T * g = b e D. Clearly, x * e is (N [G{)],Q(NG{)) * (Pg/Go))—generic. Let G1 be
Q(G’) (P(;/GO) -generic over V[G’] such that x x g2 € NGl. We conclude that
be D[G) Gl i

Note that we must have that f+«(D[G} = G1]) # G}. Otherwise, D[G}, * G1]
could be computed from f and G inNV[G{)]. For this we use that Q[ZJ{) * G1] is

Ramsey. Moreover, since any two RK-comparable Ramsey ultrafilters are actually
RK-equivalent (see [J| Ex. 38.4, p.480]), and G, is induced by some real in V[Gy)
(namely the Mathias real determined by Gy), the same is true for D[G], * G1]

(the function witnessing equivalence moves the Mathias real to a real inducing
D[G} * G1]). Here, Gy is the Qq-generic filter determined by G7. This contradicts

our basic assumption (++).
Hence this inequality holds in N'[G1]. Therefore there exists a; € N N G}, such
that f~1[a1] € D|Gy*G1]. Let by = b\ f~1[a;1]. So by € D[G{*G1]. We obtain that
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flbi)Nnar =0, f[b1] C a, and a C* a1. Hence f[b1] is finite. But then f[b1] € Gy, a
contradiction.

Case 2. G{y €rk D1.

In V let Dy be a @Qp-name for Dy, and let G{, be the canonical name for the

~

- eneric ﬁlter. Then by hypothesis there exists t() S ap* such that
08
to ”_Q6 “(;’6 ﬁRK Dy”.

We may certainly assume Dj,ty € N.

In V let g be QQ'-generic over N such that tg € g, where ) is Mathias forcing and
Q = Q' % Q" its canonical decomposition. In N[g] let d = D;[g]. By elementarity

we conclude
(3) N[g] = dis an u.f., g a Ramsey u.f. and g £rx d.

In [GSh] it was shown that for any ultrafilter D on w there exists a proper
forcing @ p such that whenever G is a Ramsey ultrafilter with G £gx D, then after
forcing with Qp, G still generates an ultrafilter but D does not. Moreover Qp is
“w-bounding. Hence by Lemma 1.1, every such G generates a Ramsey ultrafilter
in every () p-generic extension.

Definition 4.8. Conditions in Qp are f = (h,E;Ey, F1,...) where h : w —
{-1,1}, and the sets E, Ey, E1,... belong to the ideal dual to D and partition
w.

The ordering is defined as follows: (h, E; Ey, E,...) < (M, E'; E{, E],...) if and
only if

EDE,

E,Ey, Ey,... is a coarser partition than E', E}, F1, ...,

hE = h|FE',

for all 4: h[E] € {N|E.,—N|E/}.

A Q@ p-generic filter G determines a generic real s = |J{hy : f € G}.
By standard arguments one proves that whenever s € “{—1,1} is Q p-generic, f
belongs to the generic filter which s generates, and sy is defined by

~Jstn), nekEl,
(4) Sf(n) - {—s(n), n gZEf,

then sy is () p-generic as well and f belongs to its generic filter. Here E7 is the
second coordinate of f. Hence especially —s, where (—s)(n) = —s(n), is also Qp-
generic.

In N[g] we have the forcing Q4. In V, choose s € “{—1, 1} Qg-generic over Nlg].
By the properties of Q4 and (3), g generates a Ramsey ultrafilter in N[g][s].

Finally, in V' choose t; C tg Q(g)-generic over N[g][s]. Since every infinite subset
of ¢; is also Q(g)-generic and, as just noticed, —s is also @4-generic, without loss
of generality, we may assume that

VEt g, “s71(1) € Dy”.

~



2042 SAHARON SHELAH AND OTMAR SPINAS

Otherwise, work with some t5 € [t1]¥ and —s. Hence, by the definition of D;, and
since @, does not add reals, we may assume:

(5) V= (WP ) kg, “sTi(1) € B,

Claim 1. There exists a @Q-name ¢’ € N|g, s, t1] such that
(6) Nlg,s,t1] E (up*,tl) kg “¢" € Ps/GoANg' <u g NG IFpy ‘7 CF sTH1) 7

Proof. Otherwise, there exist (u/,t') < (uP",t;) and ¢’ such that in N[g, s, t1], ¢ is

a @-name for a condition in Ps/Gy, and
Nlg,s,t1] E (', ") IFq “¢" <u ¢ Aq IFpyjay ‘7 \ s71(1) is infinite™.

Such ¢’ exists by the existential completeness of forcing and the pure decision

property of <,,.
By Lemma 3.10, in V there exists ¢§ € Ps such that ¢ <, (v/,¢') x ¢ and ¢

is (Nlg, s,t1], Ps)-generic. Since by the observation at the very beginning of the
present proof we know that

p*(0) g “E = E(gl[1,5),u)",

by (5) and the definition of E, there exists § € Ps such that ¢ <, ¢ and ¢ IFp,

“Z C* s71(1)”. Now choose Z? Ps-generic over V' such that § € G. Then clearly

VI[G] E r[G] C€* s71(1) and Ng,s,t1][G] & |7[G] \ s7*(1)| = w. But r[G] is the

same reaT in both models, a contradiction. - - [l
Let us abbreviate the formula “...” in (6) by ¢(¢’, s).

Since t; is Q(g)-generic and g generates a Ramsey ultrafilter in NJg][s], there
exists (u',t') € Q(g) such that v’ C¢; C ¢ and

(7) Nlg.s] = (u',t') Irqg) “(u?, t) Irq ‘¢ld’, )" ",

~

where ¢ is the canonical name for the generic real added by Q(g), and in the formula
#(s), ¢’ is now a Q(g)-name for the above ¢'.

Since s is Qg-generic over N[g| and (u/,t") € NJg], there exists f € Qg4 such that
f belongs to the Qg4-generic filter induced by s, and in Ng] the following holds:

F kg, “Nalls] E (7)o (P, 1) kg 6(¢'. )Y,
where s is the canonical Q4-name for the Qg-generic real and in ¢(q¢’, s), ¢’ denotes

now a Qg * Q(g)-name for the ¢’ in (7). By the definition of Q4 we have w\ Ef € d.
Claim 2. V =ty kg “w\ Ef € Dy "

Proof. As g is Q'-generic over N, w\ Ef € d = D;[g], and Q" does not add reals,
there exists u € g such that
N Eulrg “w\ Ef € Dy
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By elementarity we conclude that this is true in V. But clearly we have t; C* u. O

Let s; be defined as in Definition 4.8. By the remarks after 4.8, sy is (04-generic
over N[g], and clearly f belongs to the generic filter determined by s;. Hence (5)
holds if s is replaced by sy. Clearly Ng][s] = Nlg][s/], and hence t; is Q(g)-generic
over Ng][ss], and consequently N[g][s][t1] = Ng][sf][t1] =: N*.

Let G* be Q-generic over V, containing a (N*, Q)-generic condition below (u?’t;).
Then by Claim 2, w \ E/ € E[G*]. But also s7'(1),s7'(1) € E[Gj]. In fact, in

N*[G*] we have ¢ = ¢'[s][t1][G*] and g2 := ¢'[sf][t1][G*] with the property that

Ps5/Go = q1,02 <u ¢, and q1 IFpyyq, © C* s7'(1), and g2 IFpy g, 7 CF s70(1).
Otherwise, as in the proof of Claim 1, in V[G*] we could find (N[G*], Ps/Gp)-generic

conditions ¢ <, ¢1 and g2 <, ¢o forcing the opposite. By choosing filters which
are Ps/Gy-generic over V and contain G, g2 respectively, we obtain a contradiction.

Consequently, s~*(1), 5;1(1), and w \ EY belong to E[G*]. But s~1(1), 5171(1) are
complementary on w \ E/, and hence E[G*] is not a filter, a contradiction. O

Using 4.6, 4.7 and [Bl Lemma 7.3], by standard arguments on proper forcing we
obtain the following corollary.

Corollary 4.9. In V[Gy], there exist (g5 : s € <“2), {(as : s € <“2) such that the
following hold:

(1) if s Ct, then as 2 a; and as oy Nag 1y = 0,

(2) if f € “2, then (g¢1n : n < w) is a descending chain in Ps/Go which

has a lower bound ¢y such that:
- gy is (N[Go], Ps/Go)-generic,

©qf I+ Vn(afm S D),
- gy decides DN N.

Corollary 4.10. Y is uncountable.

From Lemma 4.3 and Corollary 4.10 we conclude that ) is an uncountable 3.3
set in V[Go] which is a subset of V. By well-known results from descriptive set
theory, ) is the union of w; Borel sets, say (B, : @ < wi), and this decomposition
is absolute for models computing wy correct (see [J, Theorem 95, p.520, its proof
on p.526 using the Shoenfield tree, and Lemma 40.8, p.525, where its absoluteness
is proved]). If one of the B, is uncountable it contains a perfect subset (see [J]
Theorem 94, p.507]). This case will be ruled out by Lemma 4.11.

Otherwise, each B,, is countable. Now ) and hence (B, : @ < w1) is coded by
a real x. We may assume that z also codes (g5 : s € <“2) and (as : s € <“2)
from 4.9. Now remember that V here is really V[G,] where a € C (C coming
from 4.1), and hence V[Gy] = V[Gq+1]. Clearly there exists § < a such that
x € V[Gg,7q]. Then also (B : v < wi), (gs : $ € <¥2),(as : s € <¥2) € V[Gg, 74l
and hence, as each B, is countable, Y C V[Gg,r,]. But from this we conclude
P(w)VICGsral = P(w)VICanl as a new real in V[Guy1] \ V[Gs,74) would give a
new branch through (as : s € <¥2) and hence a new member in Y. But « € C, and
hence (*) in 4.1 fails for it, a contradiction.

Therefore, in order to finish the proof of Proposition 2.3 it suffices to prove the
following lemma:
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Lemma 4.11. [ Suppose q € Q, where Q is Mathias-forcing, T is a Q-name, and
qlFq “T C <2 is a perfect tree”.
Then qlFg “[T] € V7.

Proof. By applying the pure decision property of () repeatedly, without loss of
generality, we may assume that if ¢ = (s,a), then for every ¢t € [a]<¥ and n € w
there exists m € w such that (sUt,a\ m) decides the value of 7N <"2. Hence if we
let

Tt = {l/ (= <w2 : Hn((SUt,a\n) H—Q “V c T”)},

then T} is a tree with no finite branches.
We shall define a @Q-name n for a real in [7] \ V. To this end, for every t € [b]<%,
we construct b € [a], n: € Ty and n(t) € w such that the following hold:
(1) (sUt,b\ (max(t) + 1)) kg “n, € 775
(2) if T} N [n] has infinitely many branches, hence by compactness a non-
isolated one, and x; is the lexicographically least such one, then for
every m € b\ (max(t) 4 1), nugmy is not an initial segment of x;, but
Neu{my In(t U {m}) is; moreover, lim, .., n(t U {m}) = oo;
(3) if TyN[n¢] has finitely many branches, then for every m € b\ (max(t)+1),
- if Ty {m) has a member extending 7, which does not belong to T,
then 74,y is like that, say among the shortest the lexicographi-
cally least one;
- if Ty my has no such member, then 7} = n:-

The construction of b, (n; : t € [b]<¥) and (n(t) : t € [b]<¥) is by fusion: Suppose
that an initial segment of b, say ¢, has been fixed and for some ¥’ € [a \ t]*, for
every t' € P(t) and m € V', ny,n(t') and nyygmy, n(t’ U {m}) have been defined
such that (1), (2), (3) hold for 0y, nyiugmy, n(t'), n(t" U {m}) and b'. Now the least
element of V', say k, is put into b. Then successively for each ¢ € P(t), first count
how many branches Ty} N [ ugry] has, and then accordingly define 9,/ gryu{m)
and maybe n(t' U{k}U{m}) (if we are in case (2)) for m € V', all the time shrinking
b’ to make sure that in the end, for some b” € [b']“, for every t' € P(¢t U {k}), (1),
(2) and (3) hold for ny and b”. The construction is totally straightforward, so we
leave the rest to the reader.

We define a ()-name as follows:

n= U{nt cte[b]SY A ((sUt, b\ (max(t) + 1)) € g)}
Here G is the canonical name for the Q-generic filter. By construction we con-
clude: -
(s,0) IFg “ne[rjur’.
Suppose now that some (sUt,b*) < (s, b) forces that n belongs to V', so, without
loss of generality, there exists n* € V' such that
(sUt,b") kg “p=mn"".
From this we will derive a contradiction. Then the Lemma will be proved. Clearly

we have n* € “w U <¥w. We distinguish the following cases:

3The referee informed us that this is a corollary of a theorem of Groszek and Slaman which
implies that if a proper forcing P adds new reals, then every perfect set in V¥ contains a new
real.
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Case 1. Ty U [n] has infinitely many branches.

Subcase 1la: n* = x;. By construction, if m € b*, then (sUtU{m},b* \ (m+1))
o “Miugmy €07 and n;u¢my € ¢, a contradiction.

Subcase 1b: n*In # x¢[n for some n. If m € b* with n(t U {m}) > n, then by
construction (s Ut U {m},b*\ (m + 1)) kg “nin(t U {m}) = z[nt U {m})”, a
contradiction.

Case 2. Ty N [n;] has only finitely many branches.

Subcase 2a: n* € [T;] UT;. Since 7 is forced to be a perfect tree, there exists
u € [b*]<“ such that Ty, has a member above 7; which is not in 7;. But then by
construction (s UtUwu,b* \ (max(u) + 1)) kg “n & [T}] UT,”, a contradiction.

Subcase 2b: n*[n & T; for some n. By construction of T}, there exists m such
that (s Ut,b* \'m) kg “TN="2=T,N<"2". But (sUt,b*\m)lFg “nin €’ a
contradiction. (Wl

5. PROOF OF PROPOSITION 2.4

The proof will use several ideas from the proof of Proposition 2.3. Suppose that
Proposition 2.4 is false, that is, there exist Q-names D and r, and p € ) such that p
forces that r induces a Ramsey ultrafilter D on ([w]*)" which is not RK-equivalent
to G' by any f € “wnV.

First note that a o-centered forcing P does not add such D. In fact, since
V |= CH, such D is forced to be generated by a C*-descending chain {(a, : @ < wy)
of members of ([w]*)V. For every a < w;, choose p, € P and a, € ([w]*)V such
that po IFp aq = ao. Since P is o-centered, there exists X € [wq]“! such that

Do, Pg are compatible whenever o, 3 € X. By the ccc of P, there exists a P-generic
filter G which contains p, for uncountably many o € X. Then clearly D[G] € V,

as D[G] is generated by (aq : @ € X). The argument shows that no condition in P
forces that D does not belong to V.
Since Q(G") is forced to be o-centered, by what we have just proved, we may

assume that D is a Q'-name. As usual, we write p = (u?,aP). For ¢t € Q' we define
Dy ={ac (w]“) :tlhg “ac D"}

The following claim follows immediately from the definitions:
Claim 1. For all ¢ € Q' with ¢t < aP, we have that a € D; if and only if (u”,t) IFg
“7,, g* a/”.
Claim 2. Suppose that (N, €) is a countable model of ZF~ such that r,p € N, and
r is hereditarily countable in N. Then for every a € [w]* NN and t € Q' N N with
t <aP, it is true that (u”,t) kg “r C* a” implies that N |= (u?,t) kg “r C* a”.
Proof of Claim 2. Otherwise, there exists ¢ € N N @ such that ¢ < (uP,t) and
N E glkg “rN(w)\ a) is infinite”).

By Lemma 1.2, there exists ¢ € @ such that ¢ < ¢ and ¢’ is (N, Q)-generic.
Let G be Q-generic over V', containing ¢’. Then by assumption r[G] C* a. On the
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other hand, N[G] = |r[G] N (w \ a)| = w. As r[G] is the same real in V[G] and

~

N[G] we have a contradiction. O

By assumption, and since @’ does not add reals, we conclude:

a? kg “D and G’ are Ramsey ultrafilters which are not RK-equivalent.”

Choose a countable elementary substructure (N, €) < (H(x),€) where x is a

large enough regular cardinal, such that D, r,p € N.
In V, let g be Q'-generic over N such that a? € g. In Nlg], let d = D[g]. By

~

elementarity we conclude
(1) NJg] E “g and d are Ramsey ultrafilters which are not RK -equivalent.”

In V, choose s € “{—1,1} Qq4-generic over N[g], where @, is the forcing from
4.8, defined in N[g] from the ultrafilter d. From (1), Lemma 1.1, and [GSh|, we
conclude that g generates a Ramsey ultrafilter in N[g]|[s].

Finally, in V choose t; < a? Q(g)-generic over N|g][s]. Since every infinite subset
of t1 is also Q(g)-generic and —s is also Q4-generic, without loss of generality we
may assume that s~1(1) € Dy,.

By Claims 1 and 2, we conclude:

(2) Nlgllsllta] = (u?,t1) g “rC” s7H(1)".

Since g generates a Ramsey ultrafilter in N[g|[s], by the remark preceding Lemma
1.2, we conclude that t; is Q(g)-generic over N[g][s]. Since Q(g)N!! is dense in
Q(g)N9ls] there exists (uv/,t') € Q(g)V19! such that «' C t; C ¢’ and

(3) Nlg,s] = (W, t) lFg “(uP, t) kg ‘r CF s7H(1) 7.
Here t is the canonical name for the generic real added by Q(g).

Since s is Qq-generic over N[g] and all the parameters in the formula “...” of
(3) belong to N|g], there exists f € Qg such that f belongs to the Q4-generic filter
induced by s, and in NJg] the following holds:

FlF, “Nlglls] = (W', t) Irqg) “(uP, 1) IFq “r €7 571(1)")".
Here s is the canonical QQ4-name for the @Q4-generic real. By definition of Qy,
w\ EfNE d.
Claim 3. V =w\ Ef € Dy,.
Proof of Claim 3. As g is Q'-generic over N, w\ Ef € d = Ql[g], and @’ does not
add reals, there exists w € g such that
NEwlrg ‘w\E' €D

By elementarity we conclude that this is true in V, so by definition of D,,,

w\ Ef € D,,. Clearly we have t; < w, sow \ Ef € Dy,. O

Let sy be defined as in the remark after 4.8. Then sy is also Q4-generic over
Nlg], and clearly f belongs to the generic filter determined by sz. Hence (3) holds
if s is replaced by s;.

Clearly Ng][s] = Nlg][s/], and hence t; is Q(g)-generic over N[g][sy], and con-
sequently Nlg][s][t1] = N{g][ss][t:]-
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From (3) we conclude:

(4)

Nlgllsfllt] | (. t1) Ik “r €571 (1)".

From Claim 3 together with Claims 1 and 2 we conclude:

(7)

Nlgllsllt] b (.0 g “r C* w\BY.

Since 5_1(1),551(1) are complementary on w \ B/, (2), (4) and (5) imply that

r is forced to be finite, a contradiction. ([
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